The purpose of this manuscript is to introduce a new agedependent model of the human lens with two GRIN power distributions (axial and radial) that allow decoupling of its refractive power and axial optical path length. The aspect ratio of the lens core can be held constant under accommodation, as well as the lens volume by varying the asphericity of the lens external surfaces. The spherical aberration calculated by exact raytracing is shown to be in line with experimental data. The proposed model is compared to previous GRIN models from the literature, and it is concluded that the features of the new model will be useful for GRIN reconstruction in future experimental studies; in particular, studies of the accommodation-dependent properties of the ageing human eye. A proposed logarithmic model of the lens core enables decoupling of three fundamental optical characteristics of the lens, namely axial optical path length, optical power and third-order spherical aberration, without changing the external shape of the lens. Conversely, the near-surface GRIN structure conforms to the external shape of the lens, which is necessary for accommodation modelling.
Introduction
Efforts to model the crystalline lens of the human eye are centred around faithfully representing the lens anatomically, biomechanically and optically. Anatomical and biomechanical accuracy is facilitated by the use of higher-order polynomials to describe the lens surfaces, which feature a small number of terms to prevent unnecessary complexity when fitting experimental data. The lens volume, for example, can be specified and used as an important physical constraint for modelling accommodation of the lens [1] , while its growth with age is another important factor to consider. Regarding the optical properties of the lens, the gradient index (GRIN) nature of the lens medium has been represented analytically, with efforts to match its experimentally measured properties both qualitatively-e.g. replicating the shape of the iso-indicial contoursand quantitatively-e.g. reconstructing refractive power. The aim of this paper is to depart from geometry-invariant models and provide a representative model of the anatomy and optics of the ageing human lens.
Perhaps the most commonly used description of the refractive index from nucleus to periphery is that initially proposed by Pierscionek [2] and adopted by Smith and others [3] [4] [5] :
n(ζ ) = n c + (n s − n c )(ζ 2 ) P ,
where n c and n s are the refractive indices at the centre and surface of the lens, respectively; ζ is the normalised distance from lens centre to external surface; and P is an age-dependent parameter describing the steepness of the refractive index profile towards the lens periphery. In the geometry-invariant gradient index lens (GIGL) model [6] , ζ has the same functional form (Eq. (1)) extending from the centre of the nucleus to all points on the lens external surface, thus resulting in invariance of geometry. The GRIN distribution of refractive index in younger eyes has a relatively smooth increase from periphery to nucleus, and is suitably approximated by lower-order polynomials in z and r [7] . However, the older eye has a central plateau of refractive index, with a steep gradient at the periphery. To model this more abrupt distribution, higher-order polynomials have been proposed [5, 6, 8] . In addition to steepening of the axial refractive index profile with age, there is an age-related relative change in parameter P between radial and axial GRIN profiles. In the older eye, the lens iso-indicial contours approach the GIGL model. In contrast, only the sub-surface region of the younger lens has the same geometry and aspect ratio as the exterior. The internal iso-indicial contours of the young lens depart from geometrical invariance as they approach the nucleus of the lens and exhibit more rapid increase in curvature [4, [9] [10] [11] . If we consider Eq. (1), the young lens has different values of P in the axial and radial directions, respectively. This effect is perhaps most clearly demonstrated using magnetic resonance imaging (MRI) [10] and Talbot interferometry [12] .
A model of the ageing human GRIN lens with different axial and radial refractive index profiles has been proposed by Bahrami et al. [13] . In this "adjustable internal structure" (AIS) model, the external surfaces of the lens are conicoids of revolution. The radii of the lens surfaces control the refractive power of the lens, whereas the conic constants are used to ensure a smooth joining of anterior and posterior segments at the equator. This ties up the conics for that purpose alone, and prevents their use in aberration matching and accommodation modelling. Following on from the conclusion of Bahrami et al. [13] , we see that it is desirable to produce a higher-order description of the iso-indicial contours of the lens. An obvious application of this is the creation of a model which, in addition to predicting optical refractive power and represent qualitatively the shape of the iso-indicial contours, can also match optical aberrations-in particular spherical aberration-of an anatomically realistic, age-dependent lens.
Similarly, the 4-variable GRIN model of Manns, de Castro and co-workers [8, 14] contains different values of P in the axial and radial directions. Also using Pierscionek's refractive index profile of Eq. (1), Manns and de Castro's model has a constant refractive index at the surfaces, which are represented by conicoids. This model is included in Table 1 , in addition to the AIS model, and other recent models of the GRIN lens. The disadvantage of this model is that the surface asphericity order of 2 leads to a sharp join of the anterior and posterior lens segments at the equator, unless one constrains the surfaces to ellipses, as done in the elliptical model of Smith et al. [15] . This lack of smooth join compromises the bio-mechanical structure of the lens, and the physical meaning of the lens volume is lost. Hence, the volume of the lens cannot be used as a physical parameter for modelling accommodation. Furthermore, in this model, the value of P (Eq. (1)) is a smooth function of the angle θ to the optical axis in the tangential plane, and this function is found through optimisation against experimental data. As a result, the internal structure of the lens is not explicitly defined, and therefore the optical characteristics of the GRIN bulk cannot be defined a priori. Consequently, developing analytical raytracing through the GRIN structure is not possible; analytical raytracing is useful as a starting point for optimisation procedures and especially for solving inverse problems. On the other hand, the functional dependence of P on θ offers a high degree of flexibility of the internal GRIN structure, where the internal iso-indicial contours might take an arbitrary shape. This flexibility is gained at the expense of stability of the optimisation process.
Both the AIS model and that of Manns and de Castro, in spite of their limitations, allow one to independently model the ageing of the GRIN profile in the axial and radial directions. Furthermore, this freedom of having two adjustable (axial and radial) GRIN profiles for the internal lens structure allows decoupling of the optical path length (OPL) and refractive power of the lens, as shown later in this manuscript. In addition, one could also decouple the refractive power and spherical aberration (SA), since the latter is primarily affected by the radial GRIN profile. The effect of radial GRIN profile on SA is seen perhaps most clearly in the 2007 paper by Goncharov and Dainty [7] , where the fourth-order radial term (n 2 r 4 ) can be used to alter SA independently of power. A sixth-order polynomial representation of the GRIN structure was adopted by Smith et al. [15] , also allowing decoupling of power or OPL and SA. In general, if polynomials are to be used, one needs a radial profile of order at least 4 to adjust SA of the bulk independently of power. For this reason, the models of Liou and Brennan [16] and Díaz et al. [17] do not offer the decoupling. The axial profile of Díaz et al. contains trigonometric functions which can be expanded in a power series in z, resulting in an equivalent polynomial of order 3.
In principle, one can decouple the power, OPL and SA by departing from the constraint that the GRIN iso-indicial contours must be concentric with the external surface of the lens. This approach was adopted in the 2014 model of Navarro [18] , where the conic constant of the GRIN bulk is different to the conic constant of the external lens surface, resulting in a peripheral zone of zero axial thickness and constant refractive index. This approach limits the accommodative ability of the model, since the changes in the sub-surface region during accommodation have no concrete physical basis. In terms of accurately modelling the ageing of the GRIN medium, one needs to be able to adjust the structure such that the ratio between the axial and radial profile exponents (P z and P y ) can assume not only an integer value, but any rational value. The polynomial representation of refractive index profile is not ideal because of the discrete nature of the power terms involved; since, for small ray heights, the lowest-order polynomial term is responsible for the lens optical properties. This flexibility is only available in models with decoupled axial and radial profiles, such as those of Manns, de Castro et al. [8, 14] , the AIS model of Bahrami et al. [13] and the proposed AVOCADO model. For instance, in a recent paper by Pierscionek et al. [12] , the representative examples of GRIN profile fits for the 16 year old lens have values of P z = 2.88 and P y = 1.78, whereas the 91 year old eye has values of P z = 2.40 and P y = 2.53.
In terms of matching the GRIN structure to experimental data, the stability of the optimisation process depends on the degrees of freedom in the mathematical representation of the GRIN structure. Choosing the lens external shape as a basis to confine the GRIN distribution during optimisation is probably the most sensible way to ensure optimisation convergence, because it limits the number of free parameters to the practical minimum-for example, the anterior and posterior lens radii and conic constants, and central lens thickness. Such use of the external shape to define the GRIN structure is also convenient for performing raytracing from back-tofront. This invertibility for raytracing is not available in the models of Liou and Brennan [16] or Diaz et al. [17] , since the GRIN is not explicitly given in terms of the external lens shape parameters. Furthermore, confining the GRIN structure to the external shape is essential for modelling accommodation. In this manuscript, we show that the proposed AVOCADO model offers simplicity and flexibility to supersede existing models.
Mathematical description of the lens internal iso-indicial contours
The surfaces of the new lens model are figuring conicoids [19, 20] . Representing the lens anterior surface height ρ as a function of sag z along the optical axis we have: 
surface asphericity order The presence of conic constant K on a line indicates that K is tied to represent that feature and is not available for any other properties.
For example, in elliptical models, K must be used to ensure a smooth join at the equator, and is not available for other use.
where R a , T a and K a are the radius, thickness from nucleus to pole, and conic constant of the anterior portion of the lens, respectively. The B-coefficient here is responsible for a smooth join of iso-indicial contours at the lens periphery. The equation above describes the external surface of the lens, as in the GIGL model. However, in the new model, the radii of curvature of the internal contours of the lens are not scaled linearly with the value of the dimensionless parameter ζ (in the axial direction ζ = −z/T a ). In the original GIGL model, the radii must scale linearly with ζ so that the internal contours mimic the external shape of the lens, while the conic constants are left unaltered. Noting that the internal contours are represented by lowercase constants r a , t a , k a and b a , we have the following height of an internal contour:
where the lower-case symbols can be replaced by their scaled upper-case counterparts to give the GIGL model:
In the new lens model, the radii are scaled non-linearly according to an appropriate power, m, of ζ . Another crucial component is that the conic constant, K, of an iso-indicial contour varies with ζ . To be more precise, the shape factor Q = 1 + K of the surface is made to scale with ζ to the power of 2m. This gives the following representation for an internal contour height:
where we introduce the new age-related parameter m. This non-uniform scaling of the contour geometry provides useful flexibility of the model, as we shall see. For values of m > 0, the internal contours depart from geometrical invariance, resulting in an appearance somewhat similar to the cross-section of an avocado, as seen in Fig. 1(a) . Using positive values of m enables us to describe the GRIN distribution in younger eyes, with m varying from roughly 1 to 0 as the eye ages. Eq. (2) simplifies to a geometry-invariant model for m = 0, shown in Fig. 1(b) . A negative value of m produces a lens with a larger value of P in the radial profile, as observed in recent studies [4, 12] , and shown in Fig. 1(c) . Note that in Fig. 1 , the three lenses have the same external geometry and size; only m is different (m = 1, 0 and −0.5).
The new parameter m allows us to decouple the axial and radial refractive index profiles of the lens. Eq. (1) describes how the refractive index changes as a function of the normalised distance ζ in any direction from the nucleus within the lens. We can also look at how the index varies with distance z along the axis of the lens (ρ = 0); and distance ρ along the radial line z = 0. For the axial index profile-noting that ∆n = n c − n s and ζ = z/T p for the posterior portion of the lens-Eq. (1) becomes:
that is, the refractive index changes to the power of 2P, as in the GIGL model. For the radial profile, however, we take Eq. (2) and re-write it for the posterior surface and set z = 0, giving:
The maximum height ρ 0 of the lens along the ordinate z = 0 occurs with ζ = 1, such that Eq. (2) becomes ρ thus, Eq. (3) can be simplified to express any height along this ordinate as a function of ρ 0 according to the relation ρ 2 = ζ 2m+2 ρ 2 0 . This can be rearranged for ζ to give the radial profile:
Inserting this expression into Eq. (1) as before, we see that the refractive index now varies radially as:
i.e., the refractive index decreases radially from nucleus to surface along the line z = 0 by the exponent 2P/(m + 1). Comparing the exponents 2P and 2P/(m + 1), we clearly see that the two refractive index profiles are decoupled; this effect is seen in Fig. 2 . It is worth noting how the vertical profile of the GRIN structure affects the lens optical power; in the paraxial region, the ρ 2P/(m+1) exponent is related to optical power by the scaling of radii: r p (ζ ) = ζ 2m+1 R p .
Average and equivalent refractive indices
The horizontal and vertical profiles of the GRIN can be used to account for the differences in the average refractive index (n av ) and the equivalent refractive index (n eq ) of the lens. It is well known that n av and n eq are two phenomena originating from simplification of the GRIN; n av accounts for axial path length measurements made using OCT, and n eq for the lens refractive power. A recent paper discusses the idea of separate values for n av and n eq , and their difference with age [11] . The average refractive index is related to the time of flight of light rays passing along the optical axis of the lens. In OCT, the information provided to the user corresponds to optical path length rather than physical distance. Thus, we can see that the measurement depends on both refractive index and physical distance. In the case of the GRIN lens, the total axial optical path is given by:
This integral can be reduced to simple multiplication with the introduction of n av :
where ∆z = T a + T p = T , the axial thickness of the lens. The OPL for anterior and posterior lens segments is found from the sum:
Hence, n av is given by: n av = n c − ∆n/(2P + 1).
In a GRIN lens, the age-dependent parameter P determines the axial behaviour of the GRIN profile, and hence n av . Similarly, n eq is used to account for another property of the lens; namely, its optical refractive power. Since refractive power involves only the paraxial properties of the lens, it is convenient to replace the GRIN of the lens with a constant equivalent refractive index, n eq , thus greatly simplifying raytracing through the eye model.
The thin-lens power of the AVOCADO model can be approximated when the lens is immersed in a medium of refractive index n as:
where ∆R = R a + R p and β = 2(2m + 1 − 2P). As expected, the lens power now depends on m as well as P.
In terms of n eq , we can also express the power of the homogeneous lens using the thick-lens equation to give:
Hence, we can solve this quadratic equation for n eq :
where u = γ 2 ∆R 2 + 2nT β ∆R (2m + 1)(n − n s ) + 2P(n c − n) and γ = n s + 2mn s − 2Pn c . This approximate formula provides a convenient way to calculate the equivalent refractive index of the AVOCADO lens model. Now we can consider a simple but illustrative example (Fig. 1) , where the two lenses ( Fig. 1(a) & 1(b) ) have the same external geometry and values of P, n c and n s , and hence n av ; but different values of m. From Eqs. It can be argued that, in the GIGL model, the extra parameter required to distinguish between n av and n eq could be provided by varying either n c or n s . While it is true that an age-related change in these parameters will alter the values of both n av and n eq , it changes both simultaneously-they cannot be decoupled in the same way as with the new parameter m. To see this, we note from Eq. (7) that n av is affected if we alter either n s , n c , ∆n or P. If we keep n c constant, and assuming we have a value of n av that we wish to match to experimental data, is there a way to alter ∆n and P to keep n av constant while changing n eq sufficiently? It can be shown that typical values of ∆n = 0.04-0.06 require a range of P = 3.9-6.1, resulting in a maximum change in n eq of only 0.0005. Thus, this approach of decoupling n eq and n av does not give a satisfactory result.
Given the external shape of the lens, the GRIN medium can be optimised to account for the experimentally observed measurements of refractive power and hence n eq , as well as matching the axial OCT measurements of optical path length using n av , as discussed above.
Decoupling the axial and radial refractive index profiles of the lens is an important aspect of lens modelling. For example, the 2008 study by Kasthurirangan et al. [4] and the 2015 study by Pierscionek et al. [12] show that both young (accommodated and unaccommodated) and old lenses can have larger values of P in the radial section. This result can be reproduced with the extra flexibility afforded by decoupling the axial and radial exponents in the new AVOCADO lens model. The flexibility of the new model allows the generation of a GRIN structure with any particular axial and radial refractive index profiles. The above results show that the new model is capable of producing a lens that has a larger equivalent value of P in either the axial profile (m > 0) or radial profile (m < 0).
Regarding the equivalent refractive index of the lens, n eq , we emphasise the role that it plays: for a given ocular geometry (curvatures of the ocular surfaces and intraocular distances) and refractive indices of the cornea, aqueous and vitreous, n eq makes up the remainder of the optical power of the eye. n eq becomes particularly useful with personalised ocular modelling, where the curvatures and conic constants of the ocular surfaces can be measured, for example, and used to provide the framework on which optimization of the GRIN lens model can be based. In this type of personalised modelling, we note that it will be beneficial to use both the radius and conic constant of a surface to define the properties of the optical zone for image formation. The flexibility of the new AVOCADO lens model is important here since it allows us to use the radius and conic constant for that purpose, while the B-coefficient ensures a smooth join at the boundary.
Exact raytracing for power and SA analysis
In addition to the simplified paraxial analysis above, we can use exact raytracing to calculate the refractive power and aberrations of the lens, by solving the differential ray equation [24, 25] . Already mentioned is the possibility of decoupling the axial optical path length and refractive power of the lens, F. We can show this by example below, where the value of P is fixed so that OPL is unchanged, but m is altered. The result is that the refractive power changes considerably, shown in Fig. 3 ; hence, n av and n eq are decoupled.
From this figure, it becomes apparent that the AVOCADO model offers an additional degree of freedom when reconstructing the internal structure of the lens. OCT measurements provide information on time-of-flight of the light through the lens, and for a given lens thickness ∆z, one can determine n av (Eq. (6)); also, for given values of ∆n and n c , P can be determined from Eq. (7). If one can also measure F and the external shape of the lens, the value of m can be found using exact raytracing-see Fig. 3 ; alternatively, the approximate value of m can be found from the thin-lens approximation (Eq. (8)). Since refractive power and time-of-flight are decoupled, as outlined above, the method is feasible as a practical way of reconstructing the GRIN profile. Now, we can analyse spherical aberration (SA) of the lens as a function of m. From population studies of ocular aberrations, SA is the only classical (rotationally symmetric) aberration term to have an on-axis average that is significantly different from zero [26] ; hence we can use the value of SA as a useful metric for verification of the model. The AVOCADO model reduces to the GIGL model for m = 0, which is viable in terms of SA prediction [1] . Note that SA is also strongly affected by the choice of the lens conic constants. Figure 4 shows a series of plots of the longitudinal spherical aberration (LSA) of the lens for different values of m, with all other lens parameters fixed, with P = 3. The data from numerical raytracing are shown in red, while 8th-order (even coefficients only) polynomial fits are shown in blue. The quadratic term (ρ 2 ) in this polynomial fit of LSA is converted to transverse SA and then integrated to give the wave- front aberration polynomial coefficient (W 4,0 ) [27] for a pupil diameter of 4 mm. Assuming the system has zero defocus, this term can be converted to Zernike SA using the formula:
Using this method, for each value of m, the corresponding plot of LSA gives us a single value Z 0 4 . Figure 5 ) for a given value of P, we will introduce the logarithmic description of the lens core in the following section.
Volume and aspect ratio of an internal iso-indicial contour
Accommodative changes in lens radii and thickness can be accompanied with changes in conic constants to maintain constancy of volume. It can be shown that the volume of the entire lens is given by the formula:
where Z a and Z p are the respective sags, and K a and K p are the respective conic constants, of the anterior and posterior portions of the lens that change with accommodation [1] . This formula demonstrates the role of conic constants in volume specification. We can obtain an expression for the volume of an internal contour of the lens by taking the equation above and replacing the constants by their scaled counterparts, such that the volume as a function of the normalised distance ζ is given by:
This expression shows that the volume of any particular contour is invariant under accommodation. This could prove useful in future studies of the accommodation-related biomechanical properties of the lens internal structure. The aspect ratio of the external shape of the lens is given by A 0 = 2ρ 0 /T , where ρ 0 is found from Eq. (4). From Eq. (5), ρ(ζ ) = ζ m+1 ρ 0 , and since the axial thickness t(ζ ) = ζ T , we see that the aspect ratio of an internal contour is given by:
Thus, in the limiting case as ζ → 0, the aspect ratio of the lens core vanishes (A → 0). For raytracing, this is not critical, since the refractive index of the core is a smooth function of ζ . Mathematically, we can stabilise the aspect ratio A by altering the parameter m near the lens core, by introducing a dependence on the quantity ζ ; hence:
One can find a function for m such that, in the limiting case ζ → 0, the aspect ratio A of the core is a constant value. One such function for m is:
For this function, as we approach the core (ζ → 0), m → 0 and the aspect ratio A converges to a finite value: This approach stabilises the aspect ratio of the core. Note that w can be used as a free parameter, but must be greater than −1; the AVOCADO model reduces to the GIGL model as w → −1.
For w = 1 and m 0 = 1 /2, for example, A → 1 /2A 0 as ζ → 0. As we approach the lens surface (ζ → 1), A → A 0 and m → m 0 ; hence, m becomes independent of w, and m 0 takes on the full geometrical significance of m. The parameters m 0 and w afford flexibility of the model, since they can be used to generate internal iso-indicial contours with specific aspect ratios at a given value of ζ . Note that neither m 0 nor w affect P; hence, the axial optical path length will be unaffected. The aspect ratio of an internal core can be plotted as a function of ζ , shown in Fig. 6 . This figure highlights the geometrical significance of w, as it is seen to alter both the rate of change of aspect ratio and the limiting value in the lens core, as ζ → 0. Equation (11) can be solved to find the value of w that gives a desired aspect ratio at a given iso-indicial contour depth ζ . Equation (12) , when inserted into Eq. (2), gives the following representation for an internal iso-indicial contour:
where φ (ζ ) = . Equation (14) illustrates the optical significance of parameters m and w, as follows. The radius R a is scaled by ζ φ (ζ ), and is directly responsible for the lens power. This effect can be seen in Fig. 7 , where m produces a large change in power. Furthermore, in Eq. (14) , the shape factor (1 + K a ) is scaled by the factor φ (ζ ); hence, in addition to the geometrical significance of w outlined above, w has optical significance in altering SA according to this scaling of the shape factor. Now having an additional parameter w, we can easily decouple SA and optical power. Fig. 9 . These lenses all have the same optical power F = 28.6 D; this can be achieved by adjusting m for a given w. As a result, each lens has a different amount of SA, while we have constant values for optical power, F; and P, which corresponds to constant axial optical path length. It is evident that SA is decoupled from both P and refractive power, and hence SA is decoupled from n av and n eq . Having w as an additional free parameter not only allows us to change the sign of SA, but also helps to change the higher-order SA, so that the LSA curves develop the opposite trend (bending towards the lens) at intermediate pupil heights-see the case of w = −0.3 in Fig. 9 . In this case, the higher-order SA counteracts lower-order SA, and the choice of m and w will affect this SA balancing. The logarithmic model of the lens core with P, m and w enables decoupling of three fundamental optical characteristics of the lens, to wit optical power, axial optical path length and third-order spherical aberration, without changing the external shape of the lens. On the other hand, the near-surface GRIN structure conforms to the external shape of the lens, which is necessary for accommodation modelling.
Discussion and conclusion
The use of a cubic profile is perhaps the simplest way to describe the lens external shape in an anatomically realistic way, while the conic constants can be used for aberration matching. The inclusion of parameter m is a convenient way to attain a particular value for the ratio n av : n eq for a given external lens geometry. Furthermore, the age-dependence of m and P provides a useful way to account for the experimentally observed change in iso-indicial contour shape. Using the three parameters P, m and w, this new model can be used as a fundamental tool for experimental research, so that optical path, refractive power and SA measurements will allow reconstruction of the internal structure of the lens in a way that was not possible previously.
When compared to second-order conic descriptions of the lens, the cubic profile of this model imparts an anatomical accuracy to the model. With the resulting smooth equatorial join, the lens volume becomes physically meaningful and is a powerful constraint for accommodation [1] . This is essential for study by finite element methods and analysis of the accommodationdependent properties of the ageing human eye. Therefore, we are one step closer to the ultimate goal of having a biomechanically accurate age-dependent accommodative model of the human lens, capable of predicting optical path length, refractive power and spherical aberration. One interesting application of this core flexibility could be in the study of accommodation, where the external aspect ratio A 0 of the lens is changing. If the older eye has a stiff core in the very centre of the lens, then the aspect ratio of this core will not change with accommodation. Hence, we can apply Eq. (13) to the two separate accommodation states of the lens, with the condition that the aspect ratio A of the core does not change. If we wish to keep m 0 constant with accommodation, we can use this condition to solve for an accommodation-dependent value of w. Alternatively, we need not use the core in the limiting case ζ → 0; we could use any particular value of ζ -e.g. a value of ζ = 2 /3 might represent the lens nucleus. Together with an analysis of volume using Eq. (10), this could form the basis of a mathematical description of presbyopia.
